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ABSTRACT
ANALYSIS OF THE EFFECTS OF PATIENT POSITION AND
BLADDER VOLUME ON URINARY BLADDER PRESSURE
By
Chad Brown
December, 2008
Thesis Supervised by Dr. John Kern
Urinary bladder pressure (UBP) is an important indicator for a variety of medical
conditions. Eighty hospital subjects each had their UBP measured four times at
various bladder volumes and lying positions. Positions included 0◦ supine, 30◦ supine,
30◦ right lateral and 30◦ left lateral, and the volumes included 0mL, 25mL, 50mL and
200mL. For each volume, mean UBP was found to be somewhat lower for subjects
measured in non-elevated position (0◦ supine) than any of the elevated positions (30◦),
although the sizes of the effect only sometimes reached significance. Additionally, for
each position, mean UBP was found to increase as subject bladder volume increased,
although the effects were only sometimes significant. Among the many demographic
and medical covariates modeled, only body mass index (BMI) was found to be
consistently associated with UBP. Mean UBP is expected to increase by 0.335 mmHg
(P-value < 0.0001) for every unit increase in BMI, with a 95 percent confidence
iv
interval of (0.184, 0.486).
v
ACKNOWLEDGEMENTS
I would like to thank my advisor Dr. John C. Kern II for his ideas, support and
patience in this work. I would also like to thank Dr. Robert T. Krafty for his
inspiration and ideas.
vi
Contents
1 Introduction 1
1.1 Significance of Measuring UBP Accurately . . . . . . . . . . . . . . . 1
1.2 Experimental Design . . . . . . . . . . . . . . . . . . . . . . . . . . . 2
2 Fundamental research questions 5
3 Classical Analysis 7
3.1 Measurement 1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8
3.2 Measurement 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11
3.3 Measurements 1 and 2 . . . . . . . . . . . . . . . . . . . . . . . . . . 14
3.4 Measurement 3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15
3.5 Measurements 1 and 3 . . . . . . . . . . . . . . . . . . . . . . . . . . 17
3.6 Measurement 4 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21
3.7 Measurement 4 Volume = 25, 50 Only . . . . . . . . . . . . . . . . . 25
3.8 Measurements 3 and 4, Volume = 25, 50 Only . . . . . . . . . . . . . 28
4 Bayesian Analysis 33
4.1 Notation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 34
4.2 Assumptions of the Model . . . . . . . . . . . . . . . . . . . . . . . . 35
4.2.1 UBP/BMI Relationship Unchanged Between Treatment Groups 35
4.2.2 Correlation Between Measurements . . . . . . . . . . . . . . . 36
vii
4.3 Distribution of the Data . . . . . . . . . . . . . . . . . . . . . . . . . 38
4.4 Likelihood, Prior and Posterior . . . . . . . . . . . . . . . . . . . . . 39
4.4.1 Likelihood . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39
4.4.2 Prior Distribution . . . . . . . . . . . . . . . . . . . . . . . . . 39
4.4.3 Posterior Distribution . . . . . . . . . . . . . . . . . . . . . . 40
4.5 Full Conditional Distributions . . . . . . . . . . . . . . . . . . . . . . 40
4.5.1 Population Means . . . . . . . . . . . . . . . . . . . . . . . . . 40
4.5.2 Population Covariance Matrix . . . . . . . . . . . . . . . . . . 45
4.5.3 Population BMI Coefficient, β . . . . . . . . . . . . . . . . . . 45
4.6 Sampling from the Posterior Distribution . . . . . . . . . . . . . . . . 46
4.6.1 Algorithm . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 46
4.6.2 Burn-in and Lag . . . . . . . . . . . . . . . . . . . . . . . . . 47
4.6.3 Robust to Starting Values . . . . . . . . . . . . . . . . . . . . 48
4.6.4 Inference on Population Means . . . . . . . . . . . . . . . . . 50
4.6.5 Inference on β . . . . . . . . . . . . . . . . . . . . . . . . . . . 55
4.6.6 Inference on Population Correlation and Variances . . . . . . . 57
5 Conclusions 59
viii
List of Figures
3.1 UBP Versus BMI: Measurement 1 . . . . . . . . . . . . . . . . . . . . 9
3.2 Normal Probability Plot of Residuals: Measurement 1 . . . . . . . . . 10
3.3 Normal Probability Plot of Residuals: Measurement 2 . . . . . . . . . 12
3.4 UBP Versus BMI: Measurement 2 . . . . . . . . . . . . . . . . . . . . 13
3.5 Normal Probability Plot of Residuals: Measurement 3 . . . . . . . . . 17
3.6 Normal Probability Plot of Residuals: Measurement 4 . . . . . . . . . 21
3.7 Normal Probability Plot of Residuals: Transformed Measurement 4 . 22
3.8 Normal Probability Plot of Residuals: Transformed Measurement 4
with Outlier Removed . . . . . . . . . . . . . . . . . . . . . . . . . . 23
3.9 Residuals Versus Volume: Transformed Measurement 4 with Outlier
Removed . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24
4.1 Scatterplot: Measurement 3 Versus Measurement 4, 25mL . . . . . . 37
4.2 Scatterplot: Measurement 3 Versus Measurement 4, 50mL . . . . . . 37
4.3 Arrow Plots for σ11 vs. σ12, µ1 vs. µ2, µS0 vs. µL50 and β vs. σ14 . . 48
4.4 Autocorrelation plots for σ11, σ12, µ1 and µ2 . . . . . . . . . . . . . . 49
4.5 Autocorrelation plots for µS0, µL50, β and σ14 . . . . . . . . . . . . . 49
4.6 Posterior Mode with µ0 and β0 equal to zero . . . . . . . . . . . . . . 50
4.7 Posterior Mode with µ0 and β0 equal to zero, Σ0 multiplied by
1
10
. . 51
4.8 Posterior Mode with µ0 = −5, β0 = −0.5 and inverse of Σ0 . . . . . . 51
4.9 Histogram of Posterior Means . . . . . . . . . . . . . . . . . . . . . . 52
ix
4.10 Histogram of Posterior Values of β . . . . . . . . . . . . . . . . . . . 55
4.11 Histogram of Population Variances for each Measurement . . . . . . . 57
4.12 Histogram of Population Correlations Between Measurements . . . . 58
x
List of Tables
1.1 Measurement 1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3
1.2 Measurement 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3
1.3 Measurement 3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3
1.4 Measurement 4 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3
3.1 Analysis of Measurement 1 . . . . . . . . . . . . . . . . . . . . . . . . 10
3.2 Analysis of Measurement 2, All Observations . . . . . . . . . . . . . . 11
3.3 Analysis of Measurement 2, Outliers Removed . . . . . . . . . . . . . 13
3.4 Analysis of Measurement 3 . . . . . . . . . . . . . . . . . . . . . . . . 16
3.5 Analysis of Measurements 1 and 3 for Model 3.7 . . . . . . . . . . . . 18
3.6 Tukey’s Multiple Comparison of Position in Measurements 1 and 3 for
Model 3.7 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19
3.7 Analysis of Measurements 1 and 3 for Model 3.8 . . . . . . . . . . . . 20
3.8 Analysis of Measurements 4, Volume = 25, 50 Only . . . . . . . . . . 26
3.9 Tukey’s Multiple Comparison of Position and Volume for Measurements
4, Volume = 25, 50 Only . . . . . . . . . . . . . . . . . . . . . . . . . 27
3.10 Parameter Estimates for Model 3.12 . . . . . . . . . . . . . . . . . . . 29
3.11 Tukey’s Multiple Comparison of Position for 3.12 . . . . . . . . . . . 30
3.12 Tukey’s Multiple Comparison of Volume for 3.12 . . . . . . . . . . . . 31
3.13 Least Squares Means for each Position – Volume Group in Model 3.12 32
xi
4.1 BMI Coefficient by Position and Volume, Measurements 3 and 4 . . . 35
4.2 BMI Coefficient by Measurement . . . . . . . . . . . . . . . . . . . . 35
4.3 Correlation, Measurements 3 and 4 . . . . . . . . . . . . . . . . . . . 36
4.4 Posterior Means: Measurements 1 and 2 . . . . . . . . . . . . . . . . 53
4.5 Posterior Means: Measurements 3 and 4 at 0◦ Supine and 30◦ Supine 53
4.6 Posterior Means: Measurements 3 and 4 at 30◦ Right and 30◦ Left . . 53
4.7 Measurements 3 and 4: Comparison of 0◦ Supine to Other Positions . 54
4.8 Measurements 3 and 4: Comparison of Means Between Different Volumes
for each Position . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 54
xii
Chapter 1
Introduction
1.1 Significance of Measuring UBP Accurately
Urinary bladder pressure (UBP) is an important indicator of a variety of medical
conditions, some of which are potentially fatal. Often, UBP is used as a measurement
for intra-abdominal pressure. Elevated intra-abdominal pressure, IAP, is associated
with abdominal organ dysfunction. Despite this importance, there is a lack of uniformity
in exactly how medical professionals make UBPmeasurements. Currently, the WSACS,
The World Society of the Abdominal Compartment Syndrome, establishes high IAP if
UBP measurements are above 12mmHg and very high IAP if UBP measurements are
above 20mmHg (for reference, see http://www.wsacs.org). These cutoff values are
for patients measured in a supine position. Patients often are measured in an elevated
position because this is more convenient for medical professionals who usually have
patients at 30◦ (with respect to the horizontal) because of intravenous (IV) treatment.
Measuring patients in an elevated position might increase their UBP, suggesting that
their IAP is higher than it would be in a supine position. This would result in patients
being incorrectly categorized having as high or very high IAP. This study will also
examine the effects of bladder volume on UBP. To date, no robust study has looked
1
at the effects of both patient position and bladder volume on UBP for a large sample
of subjects having repeated measurements. Finally, the effects of various covariates
— (including age, sex, race, body mass index (BMI), net fluid balance, need for
mechanical ventilation, and presence of abdominal pathology) — on UBP will be
examined.
1.2 Experimental Design
Melanie Shuster, a Ph.D. nursing student at Duquesne University, was responsible
for overseeing the data collection. Two hundred eighty patients were identified by
nurses or physicians as being potentially eligible for participation in the study. Of
these, 120 patients both met inclusion criteria and agreed to participate. All of
these patients had their bladders emptied and were randomly assigned to one of 12
measurement groups. Everyone then had their UBP measured 4 times at various
bladder volumes and patient positions, depending on which group they were assigned
to. The 4 positions considered were 0◦ supine, 30◦ supine, 30◦ right lateral and 30◦ left
lateral. Patients had their bladders filled artificially to achieve volumes of 0mL (no
filling), 25mL, 50mL or 200mL. The first and second measurements were the same for
everyone, with the first being at 30◦ supine, 0mL and the second at 30◦ supine, 25mL.
The third measurement was at one of the 4 positions, depending on which group the
patient was assigned to, and at 0mL. For the fourth measurement, patients remained
at the same position as in their third measurement but were randomly assigned to
25mL, 50mL or 200mL. The design is illustrated in Tables 1.1, 1.2, 1.3 and 1.4:
Two researchers were responsible for measuring subject’s UBP. To assess reliability
between researchers, ten patients had a fifth and sixth measurement, taken by one of
the researchers, which was identical to their first and second measurements that had
been taken by the other researcher.
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Table 1.1: Measurement 1
0◦ Supine 30◦ Supine 30◦ Right 30◦ Left
0mL n=120
25mL
50mL
200mL
Table 1.2: Measurement 2
0◦ Supine 30◦ Supine 30◦ Right 30◦ Left
0mL
25mL n=120
50mL
200mL
Table 1.3: Measurement 3
0◦ Supine 30◦ Supine 30◦ Right 30◦ Left
0mL n=29 n=30 n=30 n=30
25mL
50mL
200mL
Table 1.4: Measurement 4
0◦ Supine 30◦ Supine 30◦ Right 30◦ Left
0mL
25mL n=10 n=10 n=10 n=10
50mL n=10 n=10 n=10 n=10
200mL n=9 n=10 n=10 n=10
3
In addition, as a consequence of the design, 30 observations in measurement 3 were
repeated from measurement 1 (i.e. 30 persons were measured at supine, 0mL twice)
and 10 observations from measurement 4 were repeated from measurement 2 (i.e. 10
persons were measured at supine, 25mL twice). One person was unable to have their
UBP measured for the third and fourth measurements due to medical complications.
4
Chapter 2
Fundamental research questions
This study will address the following questions about UBP.
1. What is the relationship between bladder volume and UBP? Is the change in
UBP for a given change in volume the same for each of the different positions?
2. What is the effect of position on UBP? Is the discrepancy between the 0◦
elevation recommended for measuring UBP and the 30◦ elevation that medical
professionals often used when measuring UBP something that the medical
community should be concerned about? Is it possible to adopt a different
standard for diagnosing high IAP, given a UBP measurement at 30◦ that would
be equivalent to the current standard for measuring UBP at 0◦?
3. Do patient demographics, such as age, sex and race have meaningful relationships
with UBP?
4. Are the medical characteristics of patients, including body mass index (BMI),
net fluid balance, need for mechanical ventilation, or presence of abdominal
pathology related to UBP?
Two approaches were taken to answer these questions. The first is a classical, or
frequentist approach. The philosophical standpoint from this approach is that the
5
population parameters are fixed and unknown quantities that are to be estimated
using test statistics from the sample. Typically, after identifying the sampling
distributions of these test statistics, inference on the corresponding parameters is
made. The second approach is a Bayesian one. For this approach, the parameters
themselves are viewed as random and are associated with a distribution, called the
posterior distribution. Inferences on the parameters are made by sampling directly
from the corresponding posterior distribution.
6
Chapter 3
Classical Analysis
The classical analysis of this data set was complicated by several factors. Because
each patient was measured multiple times, correlation between measurements must be
accounted for when providing inference involving multiple measurements. Additionally,
there is a large variability in the number of observations for each volume-position
combination. As seen in tables 1 through 4, one-hundred fifty observations were
taken at 30◦ supine, 0mL across two measurements and 130 observations were taken
at 30◦ supine, 25mL across two measurements. The other 3 positions at 0mL have 29
or 30 observations and occur at measurement 3. The groups having volumes 25mL,
50mL and 200mL at each of the 4 positions (except 30◦ supine, 25mL) have 9 or
10 observations each and occur at measurement 4. Another complication is a lack
of equality of UBP variance between volumes, with the 200mL groups having much
higher UBP variance than the other volume groups.
Also of initial concern was the presence of negative UBP measurements. However,
medical professionals from the research team expressed confidence that these negative
values were biologically quite possible and still valid measurements. Indeed, Shuster
states in her preliminary report that, “The negative UBP value for the initial UBP
measurement persisted despite flushing of the monitoring system, re-leveling, and
7
re-calibrating the equipment.”
All classical analyses were performed using SAS 9.1.3. Some of the data preparation
was done using Microsoft Excel. In the sections that follow, UBP is analyzed for each
measurement, or each pair of related measurements.
3.1 Measurement 1
In the first measurement all 120 patients were measured at 0mL and 30◦ supine. In
an effort to examine the effects of the covariates of interest for this measurement, the
following full regression model was fit:
UBPi = β0 + β1 ∗ AGEi + β2 ∗ SEXi + β3 ∗ (BMIi −BMI) + β4 ∗NFBi
+β5 ∗ V ENTi + β6 ∗ ABDPATHi + β6 ∗RACEi + ²i, (3.1)
where UBPi represents the urinary bladder pressure of the i
th individual, having
covariates AGEi, SEXi, BMIi, NFBi, V ENTi. Here, BMI is body mass index, BMI
is the mean BMI for all 120 patients (BMI = 29.18) and NFB represents net
fluid balance. SEX and V ENT are indicator variables coded 1 if the person is
female or requires mechanical ventilation, respectively and 0 otherwise. ABDPATH
is also an indicator variable coded 1 if an abdominal pathology was present in the
patient and 0 otherwise. Non-significant variables in (3.1) were iteratively removed,
leaving only BMI significantly associated with UBP. The model for predicting UBP
of measurement 1 is:
E(UBP )i = 7.07 + 0.269 ∗ (BMIi −BMI). (3.2)
A plot of UPB versus BMI, with the fitted line from accoring to Equation 3.2
is given in Figure 3.1. The SAS output in Table 3.1 shows a highly significant (P-
8
Figure 3.1: UBP Versus BMI: Measurement 1
value = 0.0002) relationship between UBP and BMI with each unit increase in BMI
associated with an expected increase in UBP of 0.269mmHg.
A normal probability plot of residuals in Figure 3.2 gives a straight line with only
minor deviation, indicating normally distributed residuals.
9
Table 3.1: Analysis of Measurement 1
Source DF Sum of Sq Mean Square F Value Pr > F
Model 1 468.99 468.99 14.95 0.0002
Error 118 3701.33 31.36
Corrected Total 119 4170.32
R-Square Coeff Var Root MSE UBP Mean
0.112460 79.16104 5.600643 7.075000
Parameter Estimate St Error t Value Pr > |t| 95% Confidence
Intercept 7.07 0.511 13.84 <.0001 (6.06, 8.09)
MBMI 0.269 0.069 3.87 0.0002 (0.131, 0.407)
Figure 3.2: Normal Probability Plot of Residuals: Measurement 1
10
Table 3.2: Analysis of Measurement 2, All Observations
Source DF Sum of Sq Mean Square F Value Pr > F
Model 2 1068.24 534.12 20.31 <.0001
Error 117 3077.36 26.30
Corrected Total 119 4145.59
R-Square Coeff Var Root MSE UBP Mean
0.257680 44.05354 5.128566 11.64167
Parameter Estimate St Error t Value Pr > |t| 95% Confidence
Intercept 10.65 0.629 16.94 <.0001 (9.41, 11.90)
MBMI 0.359 0.0643 5.58 <.0001 (0.231, 0.486)
ABDPATH 2.24 0.950 2.35 0.0202 (0.355, 4.12)
3.2 Measurement 2
In the second measurement all 120 patients were measured at 25mL and 30◦ supine. In
an effort to examine the effects of the covariates of interest for this measurement, the
full regression model (3.1) was fit. Non-significant variables in (3.1) were iteratively
removed, leaving only BMI and ABDPATH significantly associated with UBP. The
model for predicting UBP of measurement 2 is:
E(UBPi) = 10.65 + 0.359 ∗ (BMIi −BMI) + 2.24 ∗ ABDPATHi. (3.3)
The SAS output in Table 3.2 shows a highly significant (P-value < 0.0001)
relationship between UBP and BMI with each unit increase in BMI associated
with an expected increase in UBP of 0.36mmHg. Additionally, those patients having
abdominal pathology are expected to have a mean UBP score 2.24mmHg higher than
those without abdominal pathology.
A normal probability plot of residuals in Figure 3.3 however, shows the presence
11
Figure 3.3: Normal Probability Plot of Residuals: Measurement 2
of two extreme outliers.
Because these outliers could strongly influence any conclusions drawn about
population parameters, the analysis was repeated with these two outliers removed.
Since the removal of these outliers is rather arbitrary, the results below are considered
exploratory and are only used as a comparison to the analysis above. A normal
probability plot in Figure 3.4 demonstrates normally distributed errors after the
outliers are removed.
The SAS output in Table 3.3 shows a highly significant (P-value < 0.0001)
relationship between UBP and BMI with each unit increase in BMI associated
with an expected increase in UBP of 0.36mmHg. Additionally, those patients having
abdominal pathology are expected to have a mean UBP score 2.24mmHg higher than
those without abdominal pathology.
The parameter estimates are similar to those in the regression that includes all
12
Figure 3.4: UBP Versus BMI: Measurement 2
Table 3.3: Analysis of Measurement 2, Outliers Removed
Parameter Estimate St Error t Value Pr > |t| 95% Confidence
Intercept 10.13 0.497 20.38 <.0001 (9.14, 11.11)
MBMI 0.273 0.0513 5.32 <.0001 (0.171, 0.374)
ABDPATH 2.50 0.751 3.33 0.0012 (1.013, 3.99)
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observations, except the estimate for BMI is somewhat smaller, having decreased from
0.359 to 0.273. This latter estimate compares much better with the same parameter
estimate from measurement 1. Inspection of the two outliers reveals that they have
very high BMI and also very high UBP. The (UBP, BMI) pairs are (34, 38.6) and
(44, 41.06) which have Z-scores of (3.79, 1.29) and (5.48, 1.61) respectively. Perhaps
the expected increase in UBP for a unit increase in BMI is the same for 0mL and
25mL except for some rare individuals that tend to be more obese.
3.3 Measurements 1 and 2
This section will compare the parameter estimates between measurements 1 and 2 to
determine if the increase in bladder volume from 0mL to 25mL for patients lying 30◦
supine has a significant effect increasing UBP levels. The model that was fit is:
UBPij = β0 + IDij + V OLj + ²ij. (3.4)
Here, the subscript ij refers to the ith patient in the jth volume. The variable
ID is a unique nominal variable assigned to each subject. Since there are only two
volumes, 0mL was coded as the reference group. Therefore V OLj=0mL equals zero
and V OLj=25mL equals the expected increase in UBP when a patient moves from 0mL
to 25mL while lying 30◦ supine. Although the analysis of the above model suggests
that mean UBP for 25mL group is 4.57mmHg higher than the 0mL group (P-value
< 0.0001), the residuals are not normally distributed because of the same outliers
identified in the measurement 2 analysis. For this reason, a non-parametric test, which
makes no assumptions about the distribution of UBP values, was chosen to compare
the two groups. Specifically, a signed rank test was calculated on the differences in
UBP measurement from 0mL to 25mL for each patient. The test statistic was found
to be highly significant (P-value < 0.0001) indicating a lack of equality between the
14
two volume groups. In conclusion, increasing bladder volume from 0mL to 25mL has
a significant effect in increasing UBP.
3.4 Measurement 3
In the third measurement, 119 patients were measured at 0mL in one of the four
positions. Specifically, 30 patients were remeasured at 30◦ supine, 29 patients were
measured at 0◦ supine, 30 patients were measured at 30◦ right lateral, and 30 patients
were measured at 30◦ left lateral. In an effort to examine the effects of the covariates
of interest for this measurement, a position term, POSi, was added to the regression
model defined in (3.1). Here, subscript ij refers to the ith patient in the jth position.
UBPij = β0 + POSj + β1 ∗ AGEij + β2 ∗ SEXij + β3 ∗ (BMIij −BMI) (3.5)
+β4 ∗NFBij + β5 ∗ V ENTij + β6 ∗ ABDPATHij + β6 ∗RACEij + ²i
Non-significant variables in (3.6) were iteratively removed, leaving only BMI as
a significant predictor of UBP. Interestingly, position was not quite significant at the
α = 0.05 level with P-value = 0.065. The model for predicting UBP of measurement
3 is:
E(UBP )i = 3.71 + POSj + 0.205 ∗ (BMIi −BMI) + 2.24 ∗ ABDPATHi. (3.6)
In Equation 3.6, POSj = 3.46 for 30
◦ left lateral, 3.16 for 30◦ right lateral, 3.35
for 30◦supine and 0 (reference group) for 0◦ supine. The SAS output in Table 3.4
shows a significant (P-value = 0.0057) relationship between UBP and BMI with each
unit increase in BMI associated with an expected increase in UBP of 0.205mmHg.
A normal probability plot of residuals in Figure 3.5 gives a straight line, indicating
normally distributed residuals. Additionally, a Brown-Forsythe test for equality of
15
Table 3.4: Analysis of Measurement 3
Source DF Sum of Sq Mean Square F Value Pr > F
Model 4 560.56 140.14 4.32 0.0027
Error 114 3695.38 32.42
Corrected Total 118 4255.93
R-Square Coeff Var Root MSE UBP Mean
0.131712 91.18743 5.693467 6.243697
Source DF Type III SS Mean Square F Value Pr > F
Pos 3 240.75 80.25 2.48 0.0650
MBMI 1 257.40 257.40 7.94 0.0057
Parameter Estimate St Error t Value Pr > |t| 95% Confidence
Intercept 3.71 1.06 3.50 0.0007 (1.61, 5.81)
Pos 30DegLL 3.46 1.50 2.31 0.0229 (0.489, 6.44)
Pos 30DegRL 3.16 1.48 2.13 0.0355 (0.217, 6.09)
Pos 30DegSup 3.35 1.48 2.25 0.0261 (0.405, 6.29)
Pos Supine 0.00 . . . . .
MBMI 0.205 0.0728 2.82 0.0057 (0.0609, 0.350)
16
Figure 3.5: Normal Probability Plot of Residuals: Measurement 3
variances between position (which requires a position-only model), was non-significant
(P-value = 0.43) indicating equality of variances between positions.
3.5 Measurements 1 and 3
The effects of position on UBP when bladder volume is empty was re-examined by
taking into account subject effects in measurement 1. Incorporating subject effects
would help to better predict UBP and would thus reduce overall mean squared error.
The result would be a test having greater power. However, measurements 1 and 3
contain 30 replicates where the same person is measured twice at the 30◦ supine,
0mL combination. To avoid putting these separate measurements of the same person
into the same group, the second measurement of 30◦ supine was coded as a different
17
Table 3.5: Analysis of Measurements 1 and 3 for Model 3.7
Source DF Sum of Sq Mean Square F Value Pr > F
Model 123 6965.53 56.63 4.34 <.0001
Error 115 1502.02 13.06
Corrected Total 238 8467.55
R-Square Coeff Var Root MSE UBP Mean
0.822615 54.25550 3.614007 6.661088
Source DF Type III SS Mean Square F Value Pr > F
ID 119 6621.08 55.64 4.26 <.0001
Pos2 4 115.48 28.87 2.21 0.0722
position than the first. The model used is:
UBPij = β0 + IDij + POSj + ²ij, (3.7)
where subscript ij refers to the ith patient in the jth position. The positions are the
same four as previously stated, except 30◦ supine has two groups corresponding to
measurements 1 and 3. Again, position overall was not significantly related to UBP,
having a P-value = 0.0722, as shown in Table 3.7.
However, analysis of covariance adjustment for Tukey’s multiple comparison technique,
as shown in Table 3.6 revealed a significant difference between 30◦ supine and 0◦
supine (P-value = 0.0424). Additionally, all of the elevated positions are associated
with higher expected UBP measurements.
Because there do not appear to be meaningful differences between the UBP
measurements at elevated positions, the model was re-fit, coding position as 0◦ or 30◦.
This would not be considered data snooping, since the difference between elevated
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Table 3.6: Tukey’s Multiple Comparison of Position in Measurements 1 and 3 for
Model 3.7
The GLM Procedure
Least Squares Means
Adjustment for Multiple Comparisons: Tukey-Kramer
Pos2 UBP LSMEAN LSMEAN Number
30DeSup3 7.17500000 1
30DegLL 6.24166667 2
30DegRL 7.04166667 3
30DeSup1 7.07500000 4
Supine 4.38534483 5
Least Squares Means for effect Pos2
Pr > |t| for H0: LSMean(i)=LSMean(j)
Dependent Variable: UBP
i/j 1 2 3 4 5
1 0.9545 1.0000 1.0000 0.2289
2 0.9545 0.9739 0.8989 0.6323
3 1.0000 0.9739 1.0000 0.2746
4 1.0000 0.8989 1.0000 0.0424
5 0.2289 0.6323 0.2746 0.0424
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Table 3.7: Analysis of Measurements 1 and 3 for Model 3.8
Source DF Sum of Sq Mean Square F Value Pr > F
Model 120 6954.94 57.957872 4.52 <.0001
Error 118 1512.60 12.818673
Corrected Total 238 8467.54
R-Square Coeff Var Root MSE UBP Mean
0.821365 53.74974 3.580317 6.661088
Source DF Type III SS Mean Square F Value Pr > F
elevated 1 104.90 104.90 8.18 0.0050
ID 119 6621.54 55.64 4.34 <.0001
Parameter Estimate St Error t Value Pr > |t| 95% Confidence
Intercept -3.70 2.70 -1.37 0.1745 (-9.04, 1.66)
elevated 1 2.70 0.940 2.86 0.0050 (0.83, 4.55)
elevated 0 0.00 . . . . .
and non-elevated groups was of interest a priori.
UBPi = β0 + IDi + β1 ∗ ELEV ATEDi + ²i, (3.8)
where elevated is coded as 1 if position is 30◦ and 0 otherwise. Here a significant
difference exists between the two groups (P-value = 0.0050) with the the elevated
group having an expected UBP that is 2.70mmHg higher than the 0◦ group.
The least squared mean for the non-elevated group is 4.29mmHg and the least
squared mean for the elevated group is 6.98mmHg. Tukey’s multiple comparison
technique is not necessary here, since only one comparison is being made.
20
Figure 3.6: Normal Probability Plot of Residuals: Measurement 4
3.6 Measurement 4
In the fourth measurement 119 patients were measured at the same position that
they were in for the third measurement, but at volumes of 25mL, 50mL or 200mL. A
regression model 3.9 was fit looking at the the volume and position effects. Here ijk
refers to the ith patient in the jth position and the kth volume.
UBPijk = β0 + POSj + V OLk + (POS ∗ V OL)jk + ²ijk (3.9)
This model does not fit the assumptions of linear regression. First, the errors are
not normally distributed, as shown by a normal probability plot in Figure 3.6. Second,
the variances are not equal between the 12 position-volume groups, as indicated by a
highly significant Brown-Forsythe test (P-value = 0.0016).
For this reason, a Box-Cox transformation of the response showed that the
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Figure 3.7: Normal Probability Plot of Residuals: Transformed Measurement 4
transformation TUBP = POSUBP−0.5 is optimal, where POSUBP = UBP +
11mmHg, such that no negatives exist and the minimum value for POSUBP is 1.
The regression model 3.10 was run using the transformed variable, TUBP.
TUBPijk = β0 + POSj + V OLk + (POS ∗ V OL)jk + ²ijk (3.10)
The normal probability plot in Figure 3.7 shows one extreme outlier. This outlier
corresponds to patient ID 70 whose UBP measurement was -5, at 0 degrees supine,
200mL. This is such an extreme outlier that it was removed from the model. Since
arbitrary removal of data is subjective and may have a significant influence on inference,
the following analysis is considered exploratory only. Refitting with the outlier
removed, model (3.10) was run again. The normal probability plot shown in Figure
3.8 indicates that the residuals are somewhat normally distributed.
However, the variances are still not constant between volumes, as indicated by
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Figure 3.8: Normal Probability Plot of Residuals: Transformed Measurement 4 with
Outlier Removed
a significant Brown-Forsythe test (P-value = 0.0192). For this reason a weighted
regression was performed on the transformed data, with weights equal to the reciprocal
of the squared residuals. The residuals appear to be at least somewhat constant
between volumes (see Figure 3.9).
The results of these exploratory analysis show a very significant model overall
with P-value < 0.0001. In addition, a significant volume effect (P-value < 0.0001),
but non-significant position and position-volume interaction effects (P-values 0.0915
and 0.3326, respectively).
Because of the difficulty in working with the 200mL groups, the subjective nature
in which an outlier was removed and the loss of interpretability in transforming the
UBP measurements after scaling to make them positive — in addition to performing
a weighted regression — it was decided to focus analysis only on the 25mL and 50mL
groups for measurement 4.
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Figure 3.9: Residuals Versus Volume: Transformed Measurement 4 with Outlier
Removed
First, however, non-parametric Kruskal-Wallis tests were performed on measurement
4, where the rank sums between groups were compared. When all 12 volume-
position groups were compared, the rank sums between the groups were significantly
different with a Monte Carlo estimated P-value of 0.0000. When measurement 4
was divided into 3 groups for each volume, rank sums between the groups were also
significantly different with a Monte Carlo estimated P-value of 0.0000. However,
when measurement 4 was divided into 4 groups for each position, rank sums between
the groups were not significantly different, with a Monte Carlo estimated P-value of
0.1035.
Analyzing measurement 4 using a less powerful non-parametric test shows a
significant difference in UBP between the different volumes, but does not show a
significant difference UBP between the different positions. This result matches the
exploratory analysis above.
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3.7 Measurement 4 Volume = 25, 50 Only
When only analyzing 25mL and 50mL volumes for measurement 4, a non-significant
Brown-Forsythe test indicates equality of error variance between the 8 remaining
groups (P-value = 0.0515). Because this P-value is close to being significant, the
test was repeated for the two volume groups and the 4 position groups. Both tests
were non-significant, with P-values 0.39 and 0.54, respectively. Variance in residuals
appear to be constant between the position-volume groups. A model similar to (3.9),
only controlling for BMI, was run:
UBPijk = β0+POSj+V OLk+(POS ∗V OL)jk+β1 ∗(BMIijk−BMI)+²ijk (3.11)
The SAS output, shown in Table 3.8, demonstrates a highly significant (P-value
< 0.0002) relationship between UBP and BMI with each unit increase in BMI
associated with an expected increase in UBP of 0.292mmHg. Interestingly, the
interaction between volume and position was also significant (P-value < 0.0009),
meaning that the associated increase in UBP for a given increase in bladder volume
is different for different patient positions.
However, analysis of covariance adjustment for Tukey’s multiple comparison
technique, shown in Table 3.9, revealed that 0◦ supine, 25mL group had a significantly
lower expected UBP than any other group, with the exception of 30◦ supine, 50mL
and 30◦ left lateral, 50mL.
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Table 3.8: Analysis of Measurements 4, Volume = 25, 50 Only
Source DF Sum of Sq Mean Square F Value Pr > F
Model 8 926.11 115.76 7.87 <.0001
Error 71 1044.88 14.72
Corrected Total 79 1970.99
R-Square Coeff Var Root MSE UBP Mean
0.469871 33.68799 3.836220 11.38750
Source DF Type III SS Mean Square F Value Pr > F
Pos 3 184.11 61.37 4.17 0.0089
Vol 1 31.31 31.31 2.13 0.1491
Pos*Vol 3 171.20 57.07 3.88 0.0126
MBMI 1 329.62 329.62 22.40 <.0001
Parameter Estimate Error t Value Pr > |t|
Intercept 11.56 1.21 9.53 <.0001
Pos 30DegLL -0.061 1.72 -0.04 0.9719
Pos 30DegRL 2.74 1.76 1.56 0.1236
Pos 30DegSup -1.04 1.72 -0.60 0.5499
Pos Supine 0.00 . . .
Vol 25 -5.38 1.72 -3.13 0.0025
Vol 50 0.00 . . .
Pos*Vol 30DegLL 25 5.74 2.43 2.36 0.0209
Pos*Vol 30DegRL 25 2.87 2.47 1.16 0.2496
Pos*Vol 30DegSup 25 7.83 2.43 3.22 0.0020
MBMI 0.292 0.0618 4.73 <.0001
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Table 3.9: Tukey’s Multiple Comparison of Position and Volume for Measurements
4, Volume = 25, 50 Only
The GLM Procedure
Least Squares Means
Adjustment for Multiple Comparisons: Tukey-Kramer
Pos Vol UBP LSMEAN LSMEAN Number
30DegLL 25 11.9109604 1
30DegLL 50 11.5488682 2
30DegRL 25 11.8469957 3
30DegRL 50 14.3522334 4
30DegSup 25 13.0238050 5
30DegSup 50 10.5742173 6
Supine 25 6.2333365 7
Supine 50 11.6095836 8
Least Squares Means for effect Pos*Vol
Pr > |t| for H0: LSMean(i)=LSMean(j)
Dependent Variable: UBP
i/j 1 2 3 4 5 6 7
2 1.0000
3 1.0000 1.0000
4 0.8555 0.7467 0.8606
5 0.9980 0.9888 0.9972 0.9951
6 0.9940 0.9992 0.9953 0.4278 0.8423
7 0.0313 0.0549 0.0338 0.0005 0.0042 0.2009
8 1.0000 1.0000 1.0000 0.7728 0.9912 0.9988 0.0492
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3.8 Measurements 3 and 4, Volume = 25, 50 Only
The effects of position and volume on UBP was re-examined by taking into account
subject effects between measurements 3 and 4. Incorporating subject effects would
help to better predict UBP and would reduce overall mean squared error. First, a
Brown-Forsythe test for equality of residual variance, with respect to both position
and volume was performed. Difference in variance was found to be non-significant
with respect to volume (P-value = 0.40) and also non-significant with respect to
position (P-value = 0.58). Next, because each patient has a specific position for both
measurements 3 and 4, a model was fit by nesting ID within in position (IDij(POSj))
and modeling this term as a random effect.
UBPijk = β0 + POSj + V OLk + IDij(POSj) + ²i (3.12)
Here ijk refers to the ith patient in the jth position and measured at the kth
volume. The SAS output for this model (below) shows that when analyzing both
measurements 3 and 4, position and volume both had a significant relationship
with UBP having P-values of 0.0002 and < 0.0001, respectively. Interestingly, the
interaction between volume and position was no longer significant, as it had been
when looking at measurement 4 alone. The P-value for this interaction is 0.85. For
the parameter estimates, shown in Table 3.10, the reference group was coded as 0◦
supine, 0mL. Parameter estimates for IDijk(POSj) are not shown.
Next, Tukey’s multiple comparison technique was used to compare the difference
in means between each of the 3 volume groups and also for each of the 4 position
groups. For each of these comparisons, means were compared while controlling for
subject effects and using the mean squared error term from IDijk(POSj) as the
standard error in calculating probabilities. Also notice that in the spirit of multiple
comparisons, since two sets of multiple comparisons are performed, a Bonferronni
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Table 3.10: Parameter Estimates for Model 3.12
Source DF Sum of Sq Mean Square F Value Pr > F
Model 87 4314.54 49.59 3.12 <.0001
Error 72 1145.65 15.92
Corrected Total 159 5460.19
R-Square Coeff Var Root MSE UBP Mean
0.790181 43.32883 3.988960 9.206250
Source DF Type III SS Mean Square F Value Pr > F
Pos 3 364.56 121.52 7.64 0.0002
Vol 2 768.91 384.45 24.16 <.0001
Vol*Pos 6 41.94 6.99 0.44 0.8502
ID(Pos) 76 2831.05 37.25 2.34 0.0002
Parameter Estimate St Error t Value Pr > |t|
Intercept 1.40 2.96 0.47 0.6375
Pos Supine 0.00 . . .
Pos 30DegLL 2.70 4.18 0.65 0.5207
Pos 30DegRL 9.90 4.18 2.37 0.0207
Pos 30DegSup 3.20 4.18 0.76 0.4468
Vol 0 0.00 . . .
Vol 25 4.20 1.78 2.35 0.0213
Vol 50 2.80 1.78 1.57 0.1209
Vol*Pos 25 30DegLL 1.60 2.53 0.63 0.5280
Vol*Pos 25 30DegRL 0.20 2.53 0.08 0.9370
Vol*Pos 25 30DegSup 0.60 2.53 0.24 0.8127
Vol*Pos 50 30DegLL -0.20 2.52 -0.08 0.9370
Vol*Pos 50 30DegRL 3.00 2.53 1.19 0.2383
Vol*Pos 50 30DegSup 1.70 2.53 0.67 0.5026
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Table 3.11: Tukey’s Multiple Comparison of Position for 3.12
The GLM Procedure
Least Squares Means
Adjustment for Multiple Comparisons: Tukey
Standard Errors and Probabilities Calculated Using the
Type III MS for ID(Pos) as an Error Term
Pos UBP LSMEAN St Error Pr > |t| LSMean Number
30DegLL 10.60 1.017 <.0001 1
30DegRL 11.90 1.017 <.0001 2
30DegSup 9.70 1.017 <.0001 3
Supine 7.53 1.017 <.0001 4
Least Squares Means for effect Pos
Pr > |t| for H0: LSMean(i)=LSMean(j)
Dependent Variable: UBP
i/j 1 2 3
1
2 0.8029
3 0.9235 0.4253
4 0.1524 0.0170 0.4389
correction should be applied making α = 0.025.
Table 3.11 examines the pairwise differences between positions. It appears that
there is a significant difference between 0◦ supine and 30◦ right lateral with a P-
values of 0.017. No other significant differences between positions were found. Casual
inspection of the means show that 0◦ supine having the lowest least squared mean at
7.53mmHg, followed by 30 degrees supine at 9.70mmHg and then by 30 degrees right
and left lateral, which were 11.90mmHg and 10.60mmHg, respectively.
Table 3.12 examines the pairwise differences between positions. Among the three
volumes, 0mL was significantly lower than either 25mL or 50mL volumes with P-
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Table 3.12: Tukey’s Multiple Comparison of Volume for 3.12
The GLM Procedure
Least Squares Means
Adjustment for Multiple Comparisons: Tukey-Kramer
Standard Errors and Probabilities Calculated Using the
Type III MS for ID(Pos) as an Error Term
Vol UBP LSMEAN St Error Pr > |t| LSMEAN Number
0 7.025 0.682 <.0001 1
25 11.825 1.18 <.0001 2
50 10.950 1.18 <.0001 3
Least Squares Means for effect Vol
Pr > |t| for H0: LSMean(i)=LSMean(j)
Dependent Variable: UBP
i/j 1 2 3
1
2 0.0021
3 0.0143 0.8931
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Table 3.13: Least Squares Means for each Position – Volume Group in Model 3.12
Vol Pos UBP LSMEAN 95% Confidence Limits
50 30DegLL 10.40 7.32 13.48
50 30DegRL 14.30 11.22 17.38
50 30DegSup 11.10 8.02 14.18
50 Supine 8.00 4.92 11.08
25 30DegLL 13.60 10.52 16.68
25 30DegRL 12.90 9.82 15.98
25 30DegSup 11.40 8.32 14.48
25 Supine 9.40 6.32 12.48
0 30DegLL 7.80 6.02 9.58
0 30DegRL 8.50 6.72 10.28
0 30DegSup 6.60 4.82 8.38
0 Supine 5.20 3.42 6.98
values of 0.0021 and 0.0143, respectively. No significant difference was found between
25mL and 50mL. The least-squared mean volumes were 7.0mmHg for 0mL, 11.8mmHg
for 25mL and 11.0mmHg for 50mL. The least-squared means for all position-volume
combinations are given below, along with their 95 percent confidence intervals.
Although comparisons of both position and volume together cannot be performed,
because there are no degrees of freedom to estimate the error term, the least squares
means for each position — volume combination is given in Table 3.13.
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Chapter 4
Bayesian Analysis
Another approach to address the research questions is to implement a Bayesian model.
Because the variances of UBP measurements, where volume was 200mL, were so much
larger than the other volumes, and the normality of these 200mL UBP measurements
is questionable, these observations were not included in the model. Additionally, in
order to easily model the possibility of differing variances for each measurement and
differing covariances between measurements, all of the measurements for each subject
were either included (if the subject was not assigned to 200mL for measurement 4)
or not included (if the subject was assigned to 200mL for measurement 4). This
means that 40 observations were not included because of normality and variance
issues, and an additional 120 observations were removed to easily allow for modeling
of the different variance and covariance parameters. A more complicated model could
possibly allow for the inclusion of some of these dropped measurements, but was not
explored at this time.
Several subjects were measured at the same position and volume twice, specifically,
30 subjects were measured twice at 30◦ supine, 0mL for measurements 1 and 3 and
ten subjects were measured twice at 30◦ supine, 0mL for measurements 2 and 4.
In order to allow for previous experimental manipulation of bladder volume and
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subject position to affect UBP, mean UBP for measurements 1 and 2 will be modeled
separately. Therefore, assuming that UPB measurements are normally distributed,
and allowing the within-subject measurements to be correlated, we can simulate from
the posterior distribution of the mean UBP for measurements 1 and 2, as well as the
mean UBP’s for each of the 12 position-volume combinations among measurements
3 and 4. By adding a BMI covariate for each mean term, we can both model the
influence of BMI on UBP and also correct for variation in UBP due to BMI for the
12 UBP means from measurements 3 and 4.
All Bayesian analyses were performed using the software package R, version 2.6.2.
Some of the data preparation was done using Microsoft Excel.
4.1 Notation
Mean UBP for measurements 1 and 2 will be indicated as µ1 and µ2, respectively.
For the 4 positions and 3 volumes (excluding 200mL) in measurements 3 and 4,
position will be indicated with the subscripts: 0◦ supine = H (for horizontal), 30◦
supine = S, 30◦ right lateral = R, and 30◦ left lateral = L and volume will be
indicated with the subscripts: 0mL = 0, 25mL = 25 and 50mL = 50. For example,
µH0 and µH25 are the population means for 0
◦ supine, 0mL and 0◦ supine, 25mL,
respectively. Because subjects were grouped according to the volume and position of
the fourth measurement, and each subject was measured four times, let a subscript
indicate subject grouping and a superscript indicate measurement number. For
example, y
(3)
H25i would be the third measurement for the i
th subject (i ∈ 1 . . . 10)
whose fourth measurement assignment was 0◦ supine, 25mL. Notice that y(3)H25i is
actually a measurement at 0◦ supine, 0mL, since all third measurements are at 0mL.
Vectorized quantities are capitalized and matrix quantities are capitalized and
boldface. For example, YS50i = {y(1)S50i, y(2)S50i, y(3)S50i, y(4)S50i} and US50 = {µ1, µ2, µS0, µS50}.
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Table 4.1: BMI Coefficient by Position and Volume, Measurements 3 and 4
0◦ Supine 30◦ Left 30◦ Right 30◦ Supine
0mL (-0.41, 0.63) (0.00, 0.59) (0.11, 0.73) (-0.59, 0.16)
25mL and 50mL (-0.16, 0.65) (0.08, 0.53) (0.17, 0.61) (0.09, 0.63)
Table 4.2: BMI Coefficient by Measurement
Measurement 1 Measurement 2 Measurement 3 Measurement 4
(0.12, 0.44) (0.19, 0.42) (0.06, 0.40) (0.22, 0.48)
Similarly YS50 = (YS501 , · · · , YS5010) and U = (UH25, UH50, · · · , UL50). Overlines will
indicate the respective means. For example, Y R25 = {y(1)R25, y(2)R25, y(3)R25, y(4)R25}, where
y
(j)
R25 is the mean of the j
th measurement for subjects in 30◦ right lateral, 25mL group.
Finally, group size is represented by n, which was 10 for all groups.
4.2 Assumptions of the Model
4.2.1 UBP/BMI Relationship Unchanged Between Treatment
Groups
The model we construct relies on the assumption that the relationship between UBP
and BMI is the same among all position-volume combinations. The limited number
of observations in each position-volume combination from measurements 3 and 4
gave large confidence intervals (which often included zero) for the BMI coefficient
in regressing UBP on BMI. Therefore, observations were pooled across volumes or
positions before regressing UBP on BMI. The 95 percent confidence intervals are
shown below.
With only one exception (30◦ Supine, 0mL), the range (0.22, 0.40) is contained
within every confidence interval. It seems reasonable to assume that the relationship
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Table 4.3: Correlation, Measurements 3 and 4
0◦ Supine 30◦ Supine 30◦ Right 30◦ Left Pooled
25mL (-0.41, 0.78) (-0.88, 0.11) (-0.48, 0.75) (-0.23, 0.84) (0.07, 0.61)
50mL (0.07, 0.91) (-0.63, 0.63) (0.52, 0.97) (0.15, 0.93) (0.40, 0.79)
Pooled (0.35, 0.86) (-0.53, 0.35) (0.26, 0.84) (0.06, 0.77) (0.31, 0.65)
between UBP and BMI is the same for each measurement and also for each position-
volume combination.
4.2.2 Correlation Between Measurements
The model also assumes that all pairwise correlations between measurements 1, 2, 3
and 4 are the same for each position-volume group (where the measurement 1, 2 pair
obviously does not apply). The correlation between measurements 3 and 4 is shown
below and is representative of the other pairwise correlations.
The 95 percent confidence intervals for the sample correlations between measurements
3 and 4 are shown Table 4.3 for each position-volume group. Additionally, because of
the small sample sizes, pooled correlation estimates are given for each position and
also for each volume. For example, the pooled correlation from 0◦ supine represents
the correlation between measurement 3 and measurement 4 for those patients measured
at 0◦ supine. Every confidence interval for correlation or pooled correlation, except
for two, contains 0.40. Given the sizable number of groups being compared and the
low sample sizes for each group, it does not seem unreasonable to assume that the
correlations are the same for each group. Scatter plots between measurement 3 and
the corresponding UBP data for measurement 4 are shown below.
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Figure 4.1: Scatterplot: Measurement 3 Versus Measurement 4, 25mL
Figure 4.2: Scatterplot: Measurement 3 Versus Measurement 4, 50mL
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4.3 Distribution of the Data
Let N denote the univariate normal density:
N(y|µ, σ2) = 1√
2piσ2
e
−1
2σ2
(y−µ)2 . (4.1)
In the distribution above, σ2 indicates the variance and µ indicates the mean of the
distribution. Let N4 denote the multivariate normal density with dimension 4 (see
Gelman, et. all for references to both distributions, page 574-575 [?]):
N4(Y |U,Σ) = (2pi)−2|Σ|−1/2e−12 (Y−U)TΣ−1(Y−U), (4.2)
where
Y =

y1
y2
y3
y4

, U =

µ1
µ2
µ3
µ4

, Σ =

σ11 σ12 σ13 σ14
σ21 σ22 σ23 σ24
σ31 σ32 σ33 σ34
σ41 σ42 σ43 σ44

.
In the distribution above, µi is the mean of the random variables yi, and σii is the
variance of yi and σij is the covariance between yi and yj.
We have previously established that both the correlation and the linear relationship
between UBP and BMI are the same for all groups. In Chapter 3 (Classical Analysis),
we established that deviations from the mean can be assumed to be normally distributed
for all measurements. Therefore, we can assume that the vector of observations from
measurements 1, 2, 3 and 4 is distributed as a multivariate normal with covariance
matrix Σ defined above and mean vector U˜ defined below. For example, the vector
of measurements YH25i would be distributed as:
YH25i ∼ N4
(
YH25i|U˜H25,Σ
)
,
38
where
U˜H25 =

µ1 − βxH25i
µ2 − βxH25i
µH0 − βxH25i
µH25 − βxH25i

= UH25 − βJxH25i.
In the equation above, J is a column vector of 4 ones. The variable xH25i represents
the BMI, centered at the overall sample mean, of the ith subject assigned to 0◦ Supine,
25mL.
4.4 Likelihood, Prior and Posterior
4.4.1 Likelihood
The likelihood, L(Y|U,Σ, β), for all observations would then be the product of several
normal densities:
L(Y|U,Σ, β) =
∏
P∈H,S,R,L
∏
V ∈25,50
n∏
i=1
N4
(
YPV i|U˜PV i,Σ
)
=
∏
P,V,i
(2pi)−2|Σ|−1/2e−12 (YPV i−U˜PV i)TΣ−1(YPV i−U˜PV i) (4.3)
which is the product of the multivariate normal distributions for the vector of measurements
over all subjects in all groups. Distributing the product we have:
L(Y|U,Σ, β) ∝ |Σ|−8n/2e−12
P
P,V,i((YPV i−U˜PV i)TΣ−1(YPV i−U˜PV i)) (4.4)
4.4.2 Prior Distribution
For a multivariate normal distribution with unknown mean and variance, Gelman,
Carlin, Stern and Rubin (pg. 88) recommend the following distribution as a non-
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informative prior [?]:
p(U,Σ) ∝ |Σ|−(d+1)/2,
where d is the dimension of the multivariate normal distribution being modeled. In
the current model, d = 4, implying:
p(U,Σ, β) ∝ p(U˜,Σ) ∝ |Σ|−5/2. (4.5)
4.4.3 Posterior Distribution
Multiplying the prior (4.5) and likelihood (4.4) distributions together, we arrive at
the posterior distribution for the parameters U, β and Σ:
p(U, β,Σ|X,Y) ∝ L(X,Y|U, β,Σ) · p(U,Σ, β)
∝ |Σ|−(8n+5)/2e−12
P
∈P,V,i((YPV i−U˜PV i)TΣ−1(YPV i−U˜PV i)). (4.6)
4.5 Full Conditional Distributions
Now that we have the form of the posterior distribution we can find the conditional
distributions for any parameter of interest by treating the other parameters as constants.
We separate this analysis into finding the conditional distributions for the scalar
population means (µ1, µ2, µH0, etc.), for the covariance matrix Σ and for β.
4.5.1 Population Means
Measurement 4 Means
Let us first solve for the full conditional distribution of µH25. We notice that µH25 is
only present in the vector UH25. Dropping any factors that do not contain UH25 in
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the posterior distribution (4.6) we have:
p(UH25|Σ, β,Y25, XH25) ∝
n∏
i=1
N4
(
YH25i|U˜H25i,Σ
)
∝
n∏
i=1
e
−1
2
(YH25i−U˜H25i)TΣ−1(YH25i−U˜H25i).
Expanding U˜H25i = UH25 + βJXH25i, distributing the summation over i and
simplifying in terms of the sample means, Y H25 and XH25 we have:
p(UH25|Σ, β,Y25, XH25) ∝ e
−1
2n ((Y H25−(UH25+βJXH25))TΣ−1(Y H25−(UH25+βJXH25))).
This implies that:
UH25|Σ, β,Y25, XH25 ∼ N4(UH25|Y H25 − βJXH25,Σ), (4.7)
where Σ is defined in (4.2). Using the formula for the conditional distribution of a
multivariate normal distribution, we find that:
µH25|U,Σ, β,Y, X ∼ N(µH25|µ(n)H25, s2(4)), (4.8)
where
µ
(n)
H25 = y
(4)
H25 − βxH25 +V4T M4

µ1 + βxH25 − y(1)H25
µ2 + βxH25 − y(2)H25
µH0 + βxH25 − y(3)H25
 ,
and
s2(4) =
1
n
(
σ44 −V4T M4V4
)
,
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and where
V4T = [σ41 σ42 σ43] M4 =

σ11 σ12 σ13
σ21 σ22 σ23
σ31 σ32 σ33
 .
The conditional distributions for the other population means for measurement
4 are identical in form to (4.8), except of course that the respective sample and
population means are switched appropriately.
Measurement 3 Means
The conditional distributions for measurement 3 means, namely µH0, µS0, µR0 and
µL0, can be derived in a manner similar to the measurement 4 means. First, we
recognize that µH0 only exists in the posterior distribution in the vector parameters
UH25 and UH50. Using equation (4.8) and applying it to measurement 3, conditional
distribution for µH0, using only YH25 (and thus UH25) is:
µH0|UH25,Σ, β,YH25, XH25 ∼ N(µH0|µ(n)H0(1), 2 · s2(3)), (4.9)
where
µ
(n)
H0(1) = y
(3)
H25 − βxH25 +V3T M3

µ1 + βxH25 − y(1)H25
µ2 + βxH25 − y(2)H25
µH25 + βxH25 − y(4)H25
 ,
and
2 · s2(3) =
1
n
(
σ33 −V3T M3V3
)
,
and where
V3T = [σ31 σ32 σ34] M3 =

σ11 σ12 σ14
σ21 σ22 σ24
σ41 σ42 σ44
 .
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Likewise, the conditional distribution for µH0, using only YH50 (and thus UH50) is:
µH0|UH50,Σ, β,YH50, XH50 ∼ N(µH0|µ(n)H0(2), 2 · s2(3)), (4.10)
where
µ
(n)
H0(2) = y
(3)
H50 − βxH50 +V3T M3

µ1 + βxH50 − y(1)H50
µ2 + βxH50 − y(2)H50
µH50 + βxH50 − y(4)H50
 .
The full conditional distribution for µH0 is proportional to the product of (4.9)
and (4.10). Since these normal distributions have the same variance, the mean of
their product is the average of the means and the variance of the product is half the
previous variance.
µH0|U,Σ, β,Y, X ∼ N(µH0|µ(n)H0, s2(3)), (4.11)
where
µ
(n)
H0 = y
(3)
H − βxH +V3T M3

µ1 + βxH − y(1)H
µ2 + βxH − y(2)H
1
2
(µH25 + µH50) + βxH − y(4)H
 .
In (4.11) above, y
(j)
H =
1
2
(y
(j)
H25 + y
(j)
H50) and xH =
1
2
(xH25 + xH50).
Measurement 1 and 2 Means
The full conditional distributions for the means of measurement 1 and measurement
2 can be found by applying the same procedure used above, the only difference being
that in the final step, 8 normal distributions with the same variance will be multiplied.
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The full conditional distribution for µ1 is:
µ1|U,Σ, β,Y, X ∼ N(µ1|µ(n)1 , s2(1)), (4.12)
where
µ
(n)
1 = y
(1) +
1
8
V1T M1

8µ2 − 8y(2)
2
∑
∈P µP0 − 8y(3)∑
∈P,V µPV − 8y(4)
 ,
and
s2(1) =
1
8n
(
σ11 −V1T M1V1
)
,
and where
V1T = [σ12 σ13 σ14] M1 =

σ22 σ23 σ24
σ32 σ33 σ34
σ42 σ43 σ44
 .
In (4.12) above, y(j) is the average UBP for the jth measurement. Likewise, the full
conditional distribution for µ2 is:
µ2|U,Σ, β,Y, X ∼ N(µ2|µ(n)2 , s2(2)), (4.13)
where
µ
(n)
2 = y
(2) +
1
8
V2T M2

8µ1 − 8y(1)
2
∑
∈P µP0 − 8y(3)∑
∈P,V µPV − 8y(4)
 ,
and
s2(2) =
1
8n
(
σ22 −V2T M2V2
)
,
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and where
V2T = [σ21 σ23 σ24] M1 =

σ11 σ13 σ14
σ31 σ33 σ34
σ41 σ43 σ44
 .
4.5.2 Population Covariance Matrix
Let InvWishart denote the inverse Wishart distribution with positive definite d× d
scale matrix S, and degrees of freedom v. If W follows an inverse Wishart with these
parameters, then:
InvWishartv(W |S) = |S|
v/2 |W |−(v+d+1)/2 exp (−tr(SW−1)/2)
2vd/2Γd(v/2)
.
For reference, please see Gelman, et. all [?]. Rearranging the posterior distribution
(4.6), we find:
p(U, β,Σ|X,Y) ∝ |Σ|−(8n+5)/2e−12
P
∈P,V,i((YPV i−U˜PV i)(YPV i−U˜PV i)T )Σ−1 . (4.14)
By inspection, we see that Σ follows an inverse Wishart distribution. Specifically,
Σ|U, β,X,Y ∼ InvWishart8n(Σ|S, 4), (4.15)
where
S =
∑
∈P,V,i
(YPV i − U˜PV i)(YPV i − U˜PV i)T .
4.5.3 Population BMI Coefficient, β
Rearranging the posterior distribution (4.6) and dropping factors not containing β,
we find:
p(β|Σ,U, X,Y) ∝ e− 12∗,
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where
∗ =
[
β2
∑
∈i,P,V
(
(JxPV i)
TΣ−1(JxPV i)
)− 2β ∑
∈i,P,V
(
(JxPV i)
TΣ−1YPV i + (YPV i)TΣ−1JxPV i
)]
Simplification affords the following conditional distribution for β:
β|Σ,U, X,Y ∼ N(β|µβ, varβ) (4.16)
where
µβ = tr
[
Σ−1J
(∑
i,P,V
xPV iY
T
PV i + n
∑
P,V
xPVU
T
PV
)]
/varβ,
and
varβ =
∑
i,P,V
x2PV i · JTΣ−1J.
In the Equation 4.16, tr is the trace of a square matrix, or the sum of its diagonals.
4.6 Sampling from the Posterior Distribution
Using the conditional distributions for µ, Σ and β, realizations of the posterior
distribution were generated with the Gibbs sampling algorithm. The resulting sample
of parameters was tested for independence and convergence to the posterior mode.
Finally, inference was made on the population means, as well as the influence of BMI
on UBP.
4.6.1 Algorithm
This algorithm uses Gibbs sampling. For an explanation, please see Casella and
George [?]. First, starting values U0, Σ0 and β0, were proposed for the population
means, the population covariance, and the population coefficient for regressing x on
UBP, respectively.
46
Then, using the appropriate full conditional distribution, a new value for each of
the parameters was generated. Each time, the old value is recorded and the new value
is used in the appropriate place for the other conditional distributions. Iterating this
process generates a sample from the posterior distribution.
4.6.2 Burn-in and Lag
Burn-in
As long as realizations from the algorithm described above have convergence and
independence, as the number of iterations become large, the density of these realizations
approximate the posterior distribution. Convergence can be established by visually
examining various bivariate plots of population parameters and determining the
minimum number of iterations needed for all parameters such that subsequent realizations
tend to center on a range of values. This critical number is often dubbed the burn-in.
The Gibbs algorithm for sampling the posterior distribution was programmed
using the statistical package R. The starting values U0, Σ0 and β0 were chosen to
be the corresponding sample means, the sample covariance matrix, and the slope
coefficient for regressing UBP from measurement 1 on x, respectively. Five hundred
realizations were drawn from the posterior. The bivariate plots of σ11 versus σ12, µ1
versus µ2, µS0 versus µL50, β versus σ14 are quite representative of the general burn-in
pattern. At least for these starting values, the burn-in was very short, certainly less
than the value of 100 which was used in all subsequent simulations.
Lag
Independence of realizations is established by calculating the correlation between the
kth and (k + n)th observation of a particular parameter, called the autocorrelation.
When autocorrelation falls below a certain threshold for significance, as calculated
by R, for all n greater than or equal to some integer nL, realizations that are nL
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Figure 4.3: Arrow Plots for σ11 vs. σ12, µ1 vs. µ2, µS0 vs. µL50 and β vs. σ14
iterations apart from one another are considered to be independent. This critical
value, nL, is often dubbed the lag. One thousand realizations were drawn from the
posterior distribution, using a burn-in of 100. The autocorrelation for sequential
realizations from σ11, σ12, µ1, µ2, µS0, µL50, β and σ14 are plotted in Figure 4.5. The
autocorrelation plots for the other measurement 3 and 4 µ parameters and other the
entries of Σ are similar to their cousins below. The threshold for independence is
given by the dotted line. It appears that a lag of 10 (due to ρ) should be sufficient
for independent realizations.
4.6.3 Robust to Starting Values
Checking to make sure that there is only one posterior mode, several starting values
were compared using the burn-in and lag described above. Using the various starting
values for the parameters, we calculate the same bivariate plots used in burn-in
48
Figure 4.4: Autocorrelation plots for σ11, σ12, µ1 and µ2
Figure 4.5: Autocorrelation plots for µS0, µL50, β and σ14
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Figure 4.6: Posterior Mode with µ0 and β0 equal to zero
analysis above and observe very similar behavior. Using starting values with Σ the
same as above but setting each µ and β equal to zero, we observe: Using starting
values with Σ one-tenth the value above and setting each µ and β equal to zero, we
observe: Finally, using wild starting values with Σ as the inverse of Σ0, and setting
each µ equal to −5 and β equal to −0.5, we observe: All of the arrow plots seem
centered at the same values, regardless of starting position. It appears that there is
only one mode to the posterior distribution.
4.6.4 Inference on Population Means
Using a burn-in of 100 and a lag of 10, as described above, 20,000 realizations of the
posterior distribution were obtained. Histograms of the samples for each population
mean were obtained and are plotted in Figure 4.9. In the analysis, BMI was centered
at the sample mean. Therefore, the estimates of the µ parameters in the histograms
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Figure 4.7: Posterior Mode with µ0 and β0 equal to zero, Σ0 multiplied by
1
10
Figure 4.8: Posterior Mode with µ0 = −5, β0 = −0.5 and inverse of Σ0
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Figure 4.9: Histogram of Posterior Means
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Table 4.4: Posterior Means: Measurements 1 and 2
30◦ Supine
0mL 7.43, (6.20, 8.65)
25mL 11.29, (10.40, 12.19)
Table 4.5: Posterior Means: Measurements 3 and 4 at 0◦ Supine and 30◦ Supine
0◦ Supine 30◦ Supine
0mL 4.91, (2.78, 7.08) 7.95, (5.82, 10.08)
25mL 6.33, (4.54, 8.16) 12.16, (10.35, 13.98)
50mL 10.56, (8.72, 12.39) 11.70, (9.92, 13.48)
in Figure 4.9 have the interpretation of being the mean UBP when the subject’s BMI
is equal to the sample mean, or 29.3. The means and 95 percent confidence intervals
for µ parameters the are given in Tables 4.4, 4.5 and 4.6.
For each volume, mean UBP is lowest for the position 0◦ supine. The differences
between the other three positions are generally not large (with perhaps the exception
of 30◦ Supine, 50mL being somewhat lower than expected). Additionally, mean UBP
appears to increase with increasing volume. The probability that µi ≤ µj was then
calculated for several different means by randomly sampling a value from µi and µj
and testing if µi ≤ µj. The reported probability is the proportion of times the µi ≤ µj.
Table 4.6: Posterior Means: Measurements 3 and 4 at 30◦ Right and 30◦ Left
30◦ Right 30◦ Left
0mL 7.93, (5.83, 10.06) 7.31, (5.15, 9.47)
25mL 11.64, (9.87, 13.47) 11.57, (9.78, 13.35)
50mL 14.00, (12.20, 15.80) 13.18, (11.32, 15.05)
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Table 4.7: Measurements 3 and 4: Comparison of 0◦ Supine to Other Positions
µH ≥ µS µH ≥ µR µH ≥ µL
0mL 0.0261 0.0256 0.0604
25mL 0.00001 0.00002 0.00006
50mL 0.1910 0.0043 0.0246
Table 4.8: Measurements 3 and 4: Comparison of Means Between Different Volumes
for each Position
µ0 ≥ µ25 µ25 ≥ µ50 µ0 ≥ µ50
0◦ Supine 0.1586 0.0008 0.0001
30◦ Supine 0.0019 0.6418 0.0044
30◦ Right 0.0045 0.0366 0.00003
30◦ Left 0.0016 0.1101 0.00003
Comparing 0◦ Supine to Other Positions, Measurements 3 and 4
The comparison of µHV to µRV , µSV , and µLV , for each V = 25, 50 was done using
the procedure described above. The results are given in Table 4.7.
It appears that 0◦ Supine is associated with lower mean UBP than any of the
other positions, although the size of the effect was not always large enough to reach
significance.
Comparing µ1 and µ2
The population mean, µ2, is expected to be 3.79mmHg higher than the µ1, with
probability 0.0004. It appears that as bladder volume increases from being empty,
UBP increases, at least for 30◦ Supine.
Comparing Volumes for Each Position, Measurements 3 and 4
For measurements 3 and 4, the comparison of µP0 to µP25, µP25 to µP50 and µP0 to
µP50 was done for each position. The results are shown in Table 4.8:
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Figure 4.10: Histogram of Posterior Values of β
For any position, the mean UBP for subjects measured with an empty bladder was
lower than when the bladder was 25mL or 50mL. There appears to be less difference
in mean UBP going from 25mL and 50mL.
4.6.5 Inference on β
The parameter β represents the linear relationship between BMI and UBP, as indicated
in equation 4.17.
UBPi = µPV + β ∗ (BMIi −BMI) + ²i, (4.17)
where µPV is the mean UBP for the i
th subject assigned to position P and volume V,
having body mass index BMIi. The histogram of the sampled values for β is given
in Figure 4.10. The mean for β is 0.3383 with a 95 percent confidence interval of
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(0.2331, 0.4437). The probability for the null hypothesis, β ≤ 0 is approximated by
the proportion of realizations that are negative, which is 0.
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Figure 4.11: Histogram of Population Variances for each Measurement
4.6.6 Inference on Population Correlation and Variances
The population variances for each measurement are the diagonals of the population
covariance matrix. The means for these variances are the same as, or slightly lower
than the raw UPB variances for the corresponding measurements. For some reason,
the population variances and raw UBP variances are lower for measurements 2 and
4. Histograms of the population variances are given in Figure 4.11.
The correlations between the various measurements, as calculated from the appropriate
realizations of the population covariance matrix, are shown in the histograms in Figure
4.12.
Most of the correlations are the same, although the correlations between measurements
1 and 3 and also between 2 and 4 are somewhat higher than the others. This could
be because some subjects were measured at the same position and volume twice for
each of these two pairs of measurements.
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Figure 4.12: Histogram of Population Correlations Between Measurements
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Chapter 5
Conclusions
For each volume, mean UBP was found to be somewhat lower for subjects measured
in non-elevated position (0◦ supine) than any of the elevated positions (30◦), although
the effect sizes only sometimes reached significance. Additionally, for each position,
mean UBP was found to increase as subject bladder volume increased, although
the effects were only sometimes significant. Among the many demographic and
medical covariates modeled, only body mass index (BMI) was found to be consistently
associated with UBP. Mean UBP is expected to increase by 0.335 mmHg (probability
< 0.0001) for every unit increase in BMI, with a 95 percent confidence interval of
(0.184, 0.486).
In order to better differentiate from elevated and non-elevated positions, future
studies of UBP would benefit from repeated measures of a particular bladder volume
across positions, instead of repeated measures for a particular position across volumes,
as in measurements 3 and 4. Additionally, the 200mL cases should be eliminated, or
perhaps replaced with a lower volume to keep the variances and normality in check.
Finally, since BMI has such a strong association with UBP, future studies should
consider a randomized block design, or at least stratification of subjects to treatment
groups according to ranked BMI score, to help offset the effects of UBP due to BMI.
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One example that combines these ideas would be to take 80 subjects and randomly
assign each ranked BMI block of 4 to one of four bladder volumes: 0mL, 25mL, 50mL
or 75mL. Then the UBP of each subject would be measured at the assigned volume
for the same 4 positions in random order. The positions should include two elevated
positions and two non-elevated positions, or perhaps even be all at supine, but at 4
different elevations.
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